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NOMENCLATURE 

a, 
B, 

half width of the channel : 
rheological parameter of the Prandtl-Eyring 
model : 

c, specific heat ; 
c rheological parameter of the Prandtl-Eyring 

model : 
6 electric field strength: 
F, incomplete elliptic integral of the first kind: 

F 3 Zr generalized second order hypergeometric function 
(Clausen function): 

H, magnetic field strength : 
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Ha, 
1. 
k, 
k (1)’ 

K 

KZ, 

n, 

K*. 

J(SRe). Hartmann number: 
electric current density : 
thermal conductivity: 
J{ I - [Ha,/r~‘(O)1*}, koj = ,/i I- [f%NHa21 ‘1. 
modulus of Jacobian elliptic functions and 
integrals : 

E: 
Awe 

external loading parameter: 

aC 
-, characteristic parameter: 
UO 
power law exponent : 

K-kg, 

parameter containing pressure gradient, Stuart 
number and external loading parameter: 
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pressure : 

two 
-, P&cl&t number: 

k 
PeIRe, Prandtl number: 

pauOC pus”- Wnal/n/$“, Re, = B 

Reynolds numbers : 
o,apz HS 
-, Stuart number ; 

PO 
temperature; 

velocity in x-direction: 

space coordinates. 

Greek symbols 

0, T - T,. temperature difference : 
7, shear stress: 

49 rheological parameter of the power law: 

P? density : 
PO magnetic permeability : 
0, electrical conductivity: 

‘p(I)> sin- ‘(tanh r:), (pt2) = sin ‘( 1 icosh rz), arguments 

of elliptic integrals. 

Subscripts 

0, at the center axis, y = 0 : 
1, power law fluid ; 
2, Prandtl-Eyring fluid ; 
II’. wall : 
% thermally fully developed ; 

Y,Z, in y-, z-direction. 

Superscripts 
* dimensionless quantity : 

d( )/dy*. 

INTRODUCTION 

IN THE past several years, there have been many investiga- 

tions on the convective heat transfer in the thermal entrance 

region for the steady-state, constant-property, laminar 

MHD channel flow of Newtonian fluids [l-7]. The cases of 

prescribed constant wall temperature and constant wall 

heat flux have been solved by different methods and as- 
sumptions. Following the procedure commonly used for 

solving this problem [6], the general solution of the linear 

energy equation can be found in two parts which are 

combined to give the complete temperature distribution. 

One part is the solution of the thermally fully developed 

limiting case, which was analytically obtained for MHD 

channel flow of Newtonian fluids [8] by integrating the 
energy equation twice. 

MHD channel flow of electrically conducting power law 

fluids and Prandtl-Eyring fluids has been investigated by 

Martinson and Pavlov [9] and Schroeder [lo]. In both 

cases, velocity and shear stress cannot be expressed explicitly 

in terms of the distance across channel height. Therefore, 

considering fully developed MHD channel flow of power 

law fluids, Yang and Ou [ 1 l] solved numerically the energy 

equation for the thermally fully developed limiting case. 

The purpose of this note is to show that the temperature 

in the thermally fully developed region can be expressed in 

terms of the shear stress and the distance across channel 

height. Therefore, temperature distributions for the fully 

developed MHD channel flow of non-Newtonian fluids can 

be calculated easily, if the shear stress distributions are 

known. Assuming constant wall temperature, the flow of 

power law fluids and Prandtl-Eyring fluids is considered. 

Thecase ofconstant wall heat fluxcan be treated analogously. 

ANALYSIS 

The geometry under consideration, illustrated m Fig. I, 

consists of two infinite parallel plates extending in the x- and 

Hra const. 

FIG. 1. Channel geometry. 

z-directions. The channel width is 2a. The electrically 

conducting fluid flows with the velocity u(y) in the x- 

direction, a magnetic field with the constant magnetic field 

strength H, is imposed in the y-direction. There is an electric 

field with the constant electric field strength E, and an 

electric current j, in the z-direction. The flow is steady, 

laminar, incompressible and fully developed, and the 

physical properties of the fluid are constant. The Hall 

effect and the electric charge are neglected. There are no 
velocity components in the y- and z-directions and no 

magnetic Iield in the z-direction. All variables are in- 

dependent of the z-direction. 
For this configuration, the energy equation for the 

thermally fully developed limiting case with constant wall 

temperature conditions can be written as 

ks + T; + a&E, + fi~H,u)2 = 0. 
dy* 

(1) 
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With the following dimensionless variables and parameters: 

x Y .y* = -_: y* = -_: u* =“: 
a a UO 

e*, = c Tm - Tw; 5* 2: p* = & 
4 

the dimensionless form of the energy equation becomes 

;;eg’ + T*U*’ + s(u* - K)2 = 0 

The thermal boundary conditions are 

!9%(*1) = 0. (3) 

The following relation between velocity and shear stress, 
which was derived from the momentum equations, the 
generalized Ohm’s law and Maxwell’s equations is given in 
[lOI. 

1 
u* = -t*’ + p. 

s (4) 

Considering (4), the integration of the energy equation gives 

I ap* 2 + + ;,m,*, -g +.- _ ( ) s ax* 
y* =o. (5) 

Because of the thermal boundary conditions (3) and the 
condition that the shear stress at the center axis s*(O) = 0, 
the integration constant becomes zero. Integrating (5) gives 
an expression for the temperature in terms of the shear 
stress and the coordinate. 

0% =g T*'(l)-T*'+ 
ap* 1 

(1 - y*')- 4- 
ax* s 1 r*dy* . P 

MHD CHANNEL FLOW OF POWDER LAW 

FLUIDS 
For plane laminar channel flow of power law fluids, the 

dimensionless stress-strain relation can be written as 

U*’ = h?,lT*(“-‘T* = IT:l”-‘T:, (7) 

Because of the symmetry of the results, only the lower region 
of the channel - 1 < y* < 0 is considered, where the shear 
stress is positive. With the transformation 

r; = Re,T* =T2/(n+l) 
(8) 

the integral in (6) becomes 

A relation between the shear stress and its derivative can be 

derived from (4) and (7). Differentiating (4) and substituting 
the result in (7) gives 

T:” - ~U~~7~~“-‘5~ = 0. 

The integration of (10) gives 

(10) 

r: = + + T:"(o)]. (11) 

Using the transformation (8) the integral (9) can be written as 

-1 i,-1, 

- I r*dy* _ dlh + ‘11 - (12) 
Ha,Re, 

y’ 

where fi is given as 

p = JR n + I),21 

HaI 
730). (13) 

The solution of (12) is given in [ 121. 

-1 s J (1) - J(2) - r:dy* = ___ 
277’(O) 

)‘* 

with 

J(,, = 5:q- 1) X sF2 ! p’- - - 
( 

2 5+n 5+n 3fn 

2’ 1 + n 2( 1 + n)’ 2( 1 + n)’ 1 + n’ 

(14) 

T2/(n+ 1, 
-__ 

P2 > 
(15) 

J(,, = rT2 x 3F, 
1 2 5fn 5fn 3+n 
-,- -‘- ~ 
2 1 + n’2(1 + n)‘2(1 + n)‘l + n’ 

*n+, 
51 -- 
P 

(16) 

where ,F, is the generalized second order hypergeometric 
function (Clausen function). The solution for the shear stress 
distribution can be obtained from (11) in the same manner. 

r: x ,F, 
1 1 3+n 3+n 2+n 
-,-------- 
2 1 + n’ 2( 1 f n)’ 2( 1 f n)’ 1 + n’ 

r:“+‘(-1) 

-Bz =y*. ) 
(17) 

For MHD channel flow of power law fluids, the solution for 
the temperature distribution can be written as 

Pr, 
e; = T 

r:q - 1) - 57’ 

Ha: 
+ Haf(K - K*)2(~ - y*2) 

+ 
2(K - K*) 

r?‘(O) 
(Jt,, - J<,,l 1 (18) 

Using the results of (15H17), the temperature distribution 
can easily be calculated. 
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MHD CHANNEL FLOW OF PRANDTL-EYRING 
FLUIDS 

For MHD channel flow of Prandtl-Eyring fluids. the 

stress-strain relation and the solution of the energy equation 

can be written in dimensionless form as follows: 

u*’ = Kz sinh (2~;). (19) 

0 
e: = 2prl ~7;;,(‘:‘(1) - 

HU: 

2 
7:‘) + 7. (K - K*)2 

I 

as non-Newtonian lluids, the temperature in the thermally 

fully developed region can be expressed in terms of the 

shear stress and the distance across channel height. Instead 

of solving the energy equation numerically for this case, 

only an integral of the shear stress has to be evaluated. 

As examples, MHD channel flow of power law fluids and 

Prandtl-Eyring fluids were investigated. 

- 2Kz(K - K*) r;dy* ; 
s 1 

(201 

V* 
where the dimensionless shear stress is given as rs = ri2B. 
The integral in (20) can be written as 

i r;dy* = 5;(l) - rfy* - “‘c” y*drf (21) 
Y’ G 

Solutions for the shear stress distributions in terms of 

incomplete elliptic integrals of the first kind are given in 

[lo] as follows 

Ha, < 1 z:‘(O)/ : F(cp(,,, kc,,) = r:‘(O).)‘*, (22) 

Ha, > Ir;‘(O)l: F(v+z,, ko,) = F Hazy*. (23) 

With these solutions, the integral in (21) becomes 

4. 

(24) 
5. 

The integrals (24) and (25) can be evaluated numerically or 

with help of series expansions. Using the results of (24) and 

(25) and the shear stress distributions given in [lo], one 
can easily calculate the temperature distributions for the 

thermally fully developed region. 

CONCLUSION 

Considering plane laminar channel Bow of heat-generating 

fluids, we have seen that the solution of the energy equation 

for the thermally fully developed region is one part of the 
general solution for the thermal entrance region. It has been 
shown that for MHD channel flow of Newtonian as well 
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